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The minimum number of vertices in a five-chromatic graph that does not contain 
K4 is determined. Nenov [3] has shown that the chromatic number of any ten-vertex 
graph without K, is at most four. A well-known construction of Mycielski (see [l]) 
leads to the Griitzsch graph, an eleven-vertex, four-chromatic, triangle-free graph. 
Adding a new vertex adjacent to all the vertices of the Griitzsch graph creates 
a twelve-vertex, five-chromatic graph, not containing K,. Thus the minimum number 
of vertices in a five-chromatic, K,-free graph is either eleven or twelve. We show that 
the correct answer is eleven by describing two examples. 
Toft drew attention to this problem in his book Graph Co/owing Problems, [4], 
Chapter 6. In a later paper [4], he again referred to the problem, but now as solved. 
Two simultaneous independent solutions are mentioned; one by Youngs [6], and one 
by Jensen and Royle [3]. The latter example was also found, independently, by 
Hanson and MacGillivray. Both of these examples are reported here. According to 
Jensen and Royle [3], who used a computer search, there are 56 non-isomorphic, 
five-chromatic, K,-free graphs on eleven vertices. 
The example found by Youngs is the graph G shown in Fig. 1. One may check 
directly that G is K,-free. (In fact, it is the unique graph on eleven vertices that is both 
five-critical and four-saturated, that is, the addition of any edge creates a copy of K,, 
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Fig. 1. The example G found by Youngs. 
and the deletion of any vertex or edge leaves a four-chromatic graph.) 
Suppose G four-colourable. A contradiction will be obtained. Consider the subgraph 
induced by vertices ul, u2, . . , u=,,x. The vertices of the five-cycle C=uI,u2,...,u5 
must be coloured with exactly three colours, otherwise a fifth colour would be needed 
for x. Any three-colouring of C (there is essentially only one) forces three of the 
vertices ul,uZ, . . ..u5 to have the fourth colour. But the subgraph induced by 
i Ul,VZ, ..., us} is a five-cycle, which has no independent set of size three, and therefore 
cannot be properly coloured so that three of its vertices have the same colour. This 
contradiction establishes that G is not four-colourable. It is easy to verify that five 
colours suffice. 
The example found by Hanson and MacGillivray, and independently by Jensen and 
Royle is the graph H shown in Fig. 2, where vertex v l 1 is adjacent to all vertices on the 
eight-cycle or, u2, . . . . us. (Note that H has fewer edges than G.) This graph is &-free. 
Consider the possible four-colourings of H. If the vertices ul, v2, . . . , us receive colours 
1, 2, 3 and 4, then vertex url requires colour 5. Thus it may be assumed that only 
colours 1, 2 and 3 occur on these eight vertices. Any three-colouring of the subgraph 
induced by vl,vZ, . . . . u8 colours them cyclically 1,2,3,1,2,3,1,2, (up to permutation of 
the colours). Note that the set of even numbered vertices and the set of odd numbered 
vertices both include all three colours 1, 2 and 3. This implies that vertices ug and 
uIo require colours 4 and 5. 
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Fig. 2. The example H found by Hanson and MacGillivray, and Jensen and Royle. 
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